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“Picture yourself vividly as winning and that
alone will contribute immeasurably to success."
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Learning Objectives

After reading this chapter, you will know:

© NN E WD

9.

Elements of Vector Calculus

Operators, Curl, Divergence

Electromagnetic Coulombs’ law, Electric Field Intensity, Electric Dipole, Electric Flux Density
Gauss's Law, Electric Potential

Divergence of Current Density and Relaxation

Boundary Conditions

Biot-Savart’s Law, Ampere Circuit Law, Continuity Equation

Magnetic Vector Potential, Energy Density of Electric & Magnetic Fields, Stored Energy in
Inductance

Faraday’s Law, Motional EMF, Induced EMF Approach

10. Maxwell’s Equations

Introduction

Cartesian coordinates (x,y,z), —00 < x < 00, —0 < y < 00, —00 < Z < 0
Cylindrical coordinates (p, $,z),0 < p < 00,0 < p < 2m, -0 <z < ©
Spherical coordinates (1,0, ¢ ),0<r<o,0<0<1m0<p < 2m
Other valid alternative range of 6 and ¢ are-----

() 08 <2m,0<p<m

() m<0<m0<p<m

(i) —><0<T/,,0< $p <2m

(ivVo<osm-n<d<m

Vector Calculus Formula

SL.No | Cartesian Coordinates Cylindrical Coordinates Spherical Coordinates
(a) Differential Displacement | dl = dpa, + pddagy, +dza, dl =dra, + rdBag + r sin
dl=dxay +dyay +dza, Bdday,
(b) Differential Area dS=pdodza, d, =r?sin0d0 d¢ a,
dS =dydzay =dpdza, =rsin 0 drdd ag
= dxdzay =pdpd $ a, =rdrdb ay
=dxdya,
(o) Differential Volume dv=pdpdddz dv=r?sin0de d¢ dr
dv =dxdydz
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Operators

1) VV - Gradient, of a Scalar V

2) VYV - Divergence, of a Vector V
3) Vx V- Curl, ofaVector V

4) V?V - Laplacian, of a Scalar V

DEL Operator:
0 0 d .
V= &ax + a_yay + p a,(Cartesian)
0 1 0 0 o
= % 643 —ay + aZ (Cylindrical)
0 10 1
=oar + ~5520 + Sin6 39 ay(Spherical)

Gradient of a Scalar field

V is a vector that represents both the magnitude and the direction of maximum space rate of

increase of V.
ov ov ov
A =&ax+a—yay+g
av 10V
=a—pa + - aq) ¢+
av 10V 1 ov
arar+r%ae+r51n6 0P

a, For Cartisian Coordinates

~ A For Spherical Coordinates

ag For Cylindrical Coordinates

The following are the fundamental properties of the gradient of a scalar field V

VV points in the direction of the maximum rate of change in V.

If A =VV, Vis said to be the scalar potential of A.

v wn e

Example: Find the Gradient of the following scalar fields:
(@) V =e %sin2xcoshy
(b) U = p?zcos 2¢
(c) W = 10rsin?0 cos ¢

Solution:

av ov
ay +

av
(a) VV—&aX+6—y y Eaz

= Ze‘Z cos 2x coshy a, + €% sin 2x sinhy a;, — e™

(b) VU= p+——a¢ +-—a,
= sz cos2¢ a, — 2pzsin 2¢p ag + p?cos2¢a,

10W 1 0w
(© VW— ar+ ~ 50 ae+—rsine£a¢

The magnitude of VV equals the maximum rate of change in V per unit distance.
VV at any point is perpendicular to the constant V surface that passes through that point.

The projection of VV in the direction of a unit vector a is VV. a and is called the directional
derivative of V along a. This is the rate of change of V in direction of a.

sin 2x coshy a,

= 10 sin?0 cos ¢ a, + 10sin 26 cos ¢ ag — 10sin O sind adp
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Divergence of a Vector

Statement: Divergence of A at a given point P is the outward flux per unit volume as the volume
shrinks about P.
Hence,

|  gA.ds
DivA =V.A = Al‘llr_r}0 g e s @Y
Where, Av is the volume enclosed by the closed surface S in which P is located. Physically, we may
regard the divergence of the vector field A at a given point as a measure of how much the field

diverges or emanates from that point. A
0Ay 0A;0A,

V.A= Ox +— ay r Cartisian System
16A¢ aA

v

pap( Ap) P3P *

_ ZA
or (r o)+ rsin® 90 rsin® 6(1)
From equation (1), v

fA.dS=fV.AdV

S v
This is called divergence theorem which states that the total outward flux of the vector field A

through a closed surface S is same as the volume integral of the divergence of A.

/N

(Ae sin0) + Sphearical System

Example: Determine the divergence of these vector field
(a) P =x%yza, + xza,
(b) Q=psind a, + p*za, +zcos P a,
(o) T= rlzcose ar +rsin6cosd ag + cosbay
Solution:
a d a
(a) V.P = &PX + D_ypy +£PZ

=0 (x2y2) e (0) + =
Tox o YE dy 0z (xz)
= 2xyz + X

B V.Q=1(pQ,) + 52 ¢+3QZ

064)

=%%(p n¢>+—%<p D+~ (zc0sd)

= 25in¢+cos¢

(© VT——— r’T.) + — eae(Tesme)+ eaq) (Ty)
_ 1 a( 0) + a( 29 )+ 0
=25 cos T r sin “0 cos ¢ p 66¢(COS )

1
= 0+rsin92r51n9cosecos¢+0
= 2cosBcosd

Curl of a Vector

Curl of a Vector field provides the maximum value of the circulation of the field per unit area and
indicates the direction along which this maximum value occurs.
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That is,
| i A.dl
CurlA=VXxA= Aim | = . Ap eee ee e e e e e (2)
ay ay a,
a ad 0
VXA= (5% dy 0z
Ay Ay A,
dp  Pag Ay
1|0 0 9]
T plop 9d o0z
A, pAy A
ta, rag rsinBag|
1 o 0 0

r2sin® |or 90 P
Ar rAg rsinBAg
From equation (2) we may expect that

jELAdl: Sf(VxA).els

This is called stoke’s theorem, which states that the circulation of a vector field A around a (closed)
path L is equal to the surface integral of the curl of A over the open surface S bounded by L, Provided
A and A X A are continuous no s.

Example: Determine the curl of each of the vector fields.
(@) P =x?*yza, + xza,
(b) Q= psinda, + p? za, + zcos ¢a,

(o T= rlzcos 0 a, + rsind cos ¢pag + cosp ay
Solution:

op, 0P, oP, P, aP, P,
@) VxP= (ay _E>a"+(az “ae)a (o ey )™
= (0 — 0)a, + (x%y —z)a, + (0 — x*2)a,

= (x%y — z)a, — x*za,

» veqn [l 2, 0, 2

1 5 10)
az 9z op ] AWt [ (0Q0) - 542
= (?sinq) - pz) a, + (0—0)ay + E(3p2z — pcos (I))az

1
= _E(Z sin¢g + p3)a, + (3pz — cos d)a,

1 i} )
(o) VXT:rsin(—) ﬁ(Tq,sm(-))— ¢T9]ar
i1 9 d
r [sin BﬁTr ~or (rT¢)] de

P LI
r[ar(r )~ 30 r]a“’
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l'Sm(_)[ae(cosﬂsmﬂ)——(I)(rsmecoscl))]ar
171 1 0 (cosO) 0
_[sinﬂa 2 ——(rcose) ag
0 (cos0)
[—(r schoscp)——r—] ay

1
=i ® (cos 20 + rsinBsin¢)a, + - (0 — cos 0)ag

+1(2 in 6 +sin6>
- rsin0 cos ¢ 2 ay

cos O

_ (cos 20

1
- ag + (2 cos +—)sin9a
rsin0 6 ( ¢ r3 4

+ sin (I)) ap —
Laplacian
Waplacian of a scalar field V, is the divergence of the gradient of V and is written as V2V.
V2V = %V + o'V + o’V — For Cartisian Coordinates
ox?  0dy? 0z2
V2 = 19 (p a_v) 1 9%V 62
pap\Pap) Tp7agr
19/ ,0V 1 6 av 1
=—2—<r —>+ 5 (mﬂ ) S h aaag
r<or or/ ' r2sin0 a6 00/ r“sin@d¢
If V2V = 0, V is said to be harmonic in the region.
A vector field is solenoid if V.A = 0; it is irrotational or conservative if VX A =0
V.(VXA)=0
Vx(VV) =0

— — For Cylindrical Coordinates

9%V

(b) Laplacian of Vector A
VZA = ---is always a vector quantity
VZA = (VA )ax + (V2A,)ay + (V2A,)az
V2A, - Scalar quantity
VZAy - Scalar quantity
V2A, — Scalar quantity
V2V = _—ep ........ Poission’s E.q.

-

V2E aE+ E—
“HOGTH at2

Example: The potential (scalar) distribution in free space is given as V. = 10y* + 20x3.
If £y: permittivity of free space what is the charge density p at the point (2,0)?

Solution: Poission’s Equation V2V = —g
62 62 62 —p
—+—+— | (10y* + 20x3) = —
<6X2+6y2+622>( y" +20x%) €0
ve=¢grgyle=¢gpase = 1]
20X 3 x2x+ 10 x 4 x 3y2 ==L

€0

Electromagnetic Field

- For Spherical Coordinates
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Atpt(2,10) =20 X 3 X 2 X 2 =;—pp = —240g,
0

Example: Find the Laplacian of the following scalar fields

(@) V=-e"%sin2xcoshy
(b) U= p?zcos2¢
(c) W = 10rsin? 0 cos ¢

Solution: The Laplacian in the Cartesian system can be found by taking the first derivative and later

the second derivative.
(a) V2V = 62v+ azv+ 9%V
4 T 0x2  dy?  0z2

0 9] d
= o (2e7%cos 2x coshy) + 3y (e7%*sin 2xsinhy) + EP (—e~%sin 2x coshy)

= —4e %sin2xcoshy + e"?sin2x coshy + e %sin2xcoshy
= —2e “sin2xcoshy

(b) VZU:1£<pa_U>+iaz_U+az_U
pop\"dp/  p?op? 0z
— li(zpzz cos 2¢) — l4p22 cos2d + 0
pdp p?
=4zcos2¢d —4zcos2d
=0
Lo 1 ,0Wy 1 a/ W 1 o*w
OR WZFZ% (r E)-{_rzsineﬁ(smeﬁ)-l_rz sin?0 a¢p?
10 I d _ _ 10r sin?6 cos ¢
= r_za(m r? sin%0 cos ) + =~ sine%(lor sin 20 sin 0 cos ¢) — R r—

20 sin? @ cos ¢ 4 20r cos 26 sin 0 cos ¢ N 10rsin208cosBcosd 10cosd

r r2sin® r2sin® r
10 cos )
=——— (2sin®0+2cos20+2cos?0—1)

10 cos ¢
= — (1 + 2cos 20)

Stoke’s Theorem

Statement: Closed line integral of any vector A integrated over any closed curve C is always equal to

the surface integral of curl of vector A integrated over the surface area ‘s’ which is enclosed by the
closed curve ‘c’.

ﬁ.@:U(vm a8

The theorem is valid irrespective of
Shape of closed curve ‘C’
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